Abstract. Two existence criteria of orbits connecting a pair of critical points of planar differential equations are given.
Introduction
In this paper, we consider the differential system (p, t) and let P1,P2 E R2 be two isolated criticalpoints of the system (1.1), i.e. V(pi ) = V(p2 ) = 0. In some previous papers (see, e.g., [3, 4, 6 ] ), generally it is assumed that one of two critical points P1 and p2 is a repeller or an attractor (about their definitions, see [31) . In the present paper we shall give some existence criteria for connecting orbits which contain no such assumption.
Yu Shu-Xiang: Academia Sinica, Institute of Mathematics, 100080 Beijing, China 
Definitions
Let p be a simple closed curve surrounding a critical point Q of the system (1.1 An entrance point (a strict entrance point) can be defined similarly.
In what follows, the set of exit points of T will be denoted by Si and the set of strict exit points by S. (2.1) and Ti = T0 US1 . We define the function t: T1 -R by
Let.

To={pETlf(p, t i ) T for some t i >o}
It is easy to see that f(p, [0,t] Definition 2.4. If a simple closed curve C is the union of alternating non-closed whole trajectories and critical points, and if it is contained in the w-limit set (or a-limit set) of some trajectory, then we say that C is a singular closed trajectory.
Results
In this section, we shall prove first the following theorem (see Figure 1 ). (ii) There are no closed trajectories and singular closed trajectories in B. It is easy to see that t,' is defined for every point p' E Ni N2 . Thus we get the inverse map p = f(p',t,,) . Using the same argument used in Lemma 2.1 we can prove that the (I) There is only one critical point p2.
(ii) There are no closed trajectories and singular closed trajectories.
(iii) Every positive semi-trajectory of the system (1.1) is bounded.
Then there must be in B a trajectory connecting pi and p2 ( see Figure 2 ).
M1 Figure 2
Proof. Consider the critical point P2 and construct a circle P2 of radius r with the centre P2 such that p2 fl P12 = . We distinguish the three cases (I) there is at least one hyperbolic sector of P2 in P2 (II) there are no hyperbolic sectors of p2, but it has at least an elliptic one in P2 Therefore, in what follows, assume that all base solutions are positive, i.e. they tend to P2 as i -+. Consider a positive semi-trajectory f(q, IR+) which tends to P2 as t -* +, where q E P2 -It is easy to see that f(q,t) must be unbounded for -+ -oo because otherwise its a-limit set must contain critical points or closed orbits. But this contradicts conditions (i) and (ii). Therefore, there is a simple curve MN connecting the point M E f(q,R) and the point N E f (Mi , 1R) or N E f(M2,Rj such that MN fl P2 = and MN fl D 1 = 0 (see Figure 2 ). By 15: p. 169], after deleting the hyperbolic part and the elliptic portion in every parabolic sector, one obtains a subregion S of the interior of P2 such that the positive semi-trajectory through any point of S is interior to S for t > 0, and it tends to p2 as t -# +00. Similary, after deleting the hyperbolic part and the elliptic portion from D 1 , one obtains a subregion Di C D i and Di possesses properties similar to S.
From the continuous dependence of solutions on initial conditions it follows that the positive semi-trajectory originating from any point in a small neighbourhood of M on the curve MN must enter S for increasing time, thus it tends to P2 as i -+ 00, while the positive semi-trajectory originating from any point in a small neighbourhood of N on the curve MN must enter Di for increasing time, thus it tends to p' as t -+ 00. Similarly, for any point p E MN, if f(p,i) -* P2 or f(p,t) -pi as t -* +00, there is an open neighbourhood a(p) of p on the curve MN such that for any point E a(p) the positive semi-trajectory f(, lR+) must enter S or Di for increasing time, thus f(p' , t)-* P2 or f(p, t) -* P1, respectively, as i -Therefore, there must be a point Q E MN such that f(Q,t) tends to neither P2 nor p1 as i -+. By condition (iii), it follows that the w-limit set of f(Q, t) contains some closed trajectory or some critical point different from P1 and P2 But this contradicts the conditions (i) and (ii) U
An example
Consider the differential system 
where El is small enough (0 < el < ). Clearly, < 0 for all points on the line segment N2R. Vii (4) We know from the second expression of (4.1) that x = are the abscissa of those points on the straight line y = k satisfying = 0. Consider the straight line
where e 2 is small enough. Then, on the straight line y = k' for x <0, the abscissa satisfying 0 is as follows:
Moreover, the abscissa of the intersection point of two straight lines y = k' and y = Ox is as follows: It is not difficult to check that i < x. Thus, we can take x 2 such that < x2 < x, and let W = (x2, k'). Thus the union 72 = N2RuRLuLWuWEuEN, will serve as the simple curve in Theorem 3.1. Consider the region B bounded by -y (i = 1,2) together with two line segments N1 M1 and N2 M2 . Noting the fact that the y-axis is the union of trajectories of the system (4.1) and the properties of three critical points of (4.1), it is easy to see that there are no closed trajectories and singular closed trajectories in B. Further, it is clear that all exit points of B lying on 72 are strict. Therefore, all conditions of Theorem 3.1 are satisfied and it follows that there is in B a trajectory connecting 0 and A.
